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RESEARCH LABORATORIES FOR THE ENGINEERING SCIENCES

Members of the faculty who teach at the undergraduate and graduate levels and a number of
professional engineers and scientists whose primary activity is research generate and conduct the
investigations that make up the school’s research program. The School of Engineering and Applied Science
of the University of Virginia believes that research goes hand in hand with teaching. Early in the
development of its graduate training program, the School recognized that men and women engaged in
research should be as free as possible of the administrative duties involved in sponsored research. In 1959,
therefore, the Research Laboratories for the Engineering Sciences (RLES) was established and assigned the
administrative responsibility for such research within the School.

The director of RLES—himself a faculty member and researcher—maintains familiarity with the
support requirements of the research under way. He is aided by an Academic Advisory Committee made up
of a faculty representative from each academic department of the School. This Committee serves to inform
RLES of the needs and perspectives of the research program.

In addition to administrative support, RLES is charged with providing certain technical assistance.
Because it is not practical for each department to become self-sufficient in all phases of the supporting
technology essential to present-day research, RLES makes services available through the following support
groups: Machine Shop, Instrumentation, Facilities Services, Publications {including photographic facilities),
and Computer Terminal Maintenance.
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1. PROBLEM DESCRIPTION
N J
Many important problems in fluid dynamics, among other areas,

are modeled by nonlinear parabolic differential systems with initial

values given in one '1ndependent variable? x, and boundary values in
the remaining dependent variables. Hyperbolic systems can sometimes
be treated as a special case. For example, the inviscid flow case
of the Navier-Stokes equations'}IT is a hyperbolic system, whlgh the
viscous flow case is elliptical. A survey of currently used numerical
methods is in Richtmeyer and Morton £2]. In subsonic flow cases, the
nonlinear terms are small enough to be ignored, but these terms must be
included in supersonic and hypersonic flow. These numerical calculations
usually involve a finite difference mesh over the boundary value problem
variables, resulting in a space discretization matrix equation which for
the nonlinear system varies at each step in x, the independent variable
representing time in the dynamic case or one of the space variable for
the steady state case. Then this nonlinear system is solved as an
initiai value problem in x. The initial value problem is usually solved
by a one step implicit method for reasons of cost and stability. Some
methods based on finite element methods for the boundary value problem
can be used, but successful methods are only available for the linear
cases, such as subsonic flow problems E}&.

All of these methods require large amounts of computer memory to
store the matrices, and, particularly in the nonlinear case where the
matrices must be reevaluated often, large amounts of time. Therefore, it

is desirable to investigate the relationship of various aspects of these
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numerical methods in an effort to reduce the total computation time with
no loss in accuracy or significant increase in storage requirements. To
give an overview of the current state of development, a sample problem
which has been studied by the principal investigator [4] is described.

The incompressible fluid flow around a cone at hypersonic speed
and angle of attack a > 0 is modeled by a parabolic system of nonlinear
partial differential equations expressing conservation of energy, mass,
and momentum, plus an algebraic equation of state. Typical flow variables
are functions of density, velocity and energy. The asymptotic (steady-
state) solution in three dimensions is sought. A suitable coordinate
system for a cone shaped object uses the variables x, the length from
the tip along the cone generator; n the normal to the surface relative
to the bow shock stand-off distance (n = £/d(x,¢) where £ is perpendicular
to x and d is the bow shock stand-off distance computed from theory); and
¢ = 180° at the leeward side. Separation is likely to occur at the
leeward side at significant angle of attack a > 0, and standard numerical
methods have proven inadequate to model this case, so special computer
methods have been developed for it. See Figure 1.

Lubard and Helliwell [5] have treated this problem as a parabolic
boundary value problem in ¢ and n since theoretical results are available
on the behavior of the bow shock, and as an initial value problem in x
which allows a marching type numerical solution to be generated given
an initial condition away from the point x = 0, They treated the non-
linear system

U, 3F(U) | 3G(U) _ 3V(U, 3U/dn, 3U/3¢) , 3W(U, 3U/3n, 3U/3¢)
9x  9n 3¢ an 3¢ )

where U is the m-dimensional state vector, F and G are given vector
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functions of U, and V and W are vector functions of U and its partial
derivatives. Steady state Navier~Stokes equations are a special case

of (1). For the purpose of illustration, let the right hand side of (1)
be 0, giving the equation for inviscid flow. A discussion of boundary
and initial conditions can be found in [5]. By using a finite difference
scheme in n and ¢ for the boundary value problem, a one-step implicit
integration scheme in x can be employed to solve the initial value
problem. For the implementation of Lubard and Helliwell [5), central

differences at each x value

U 1 -.
i By by ) = 20(n,, §) + UC ) ©)

are used with the Backward Euler implicit formula

U(x1+1’ Ny ¢k) = U(xi. Ny ¢k) + Ax BU(xH_l, Ny ¢k)/ax. (4)

Stability considerations derived from considering the numerical solution
of an associated linearized system of equations leads to both lower and
upper bounds on Ax as a function of An and A¢d.

To understand the implementation, consider the linearized problem

for A = 3F/3U and B = 3G/3U given as

U aU 3U
g +A—+ 3B 3% = 0. (5)

ix BU(xi+l) . 8U(xi)
i+1 2 9x Ax i

a more accurate implicit scheme than Backward Euler, and using a truncated

Applying the trapezoidal rule U(x,,.,) = U(x Y + =

Taylor Series for F(U) and G(U) given by




i+l i

)y = ey al o

F(U(x ) - UCx,)) + 0(ax?)

i+l i+l

1+1 i

6(UGx,,,)) = ¢ e et + pl Wlx,,,) - Ux)) + 0(ax?)

yields the system of linear equations

{3l i | i 1) | \
Ax [ 3A 9B | i+l Ax { 3A 9B i oF . 3G
+ — — — = 4 — — e — N - —_ i,
!I 2 \an T o I 0 iI 2 <3n %) | A"(an 3% |

This large, sparse system can be solved by methods such as the alternating
direction implicit (ADI) method of Douglas [6] which solves only the
equation in n first, then the equations in ¢. Beam and Warming [7]
introduce an error of (Ax)3 in an approximate factorization scheme based

on Peaceman and Rachford [8] by replacing (6) with

[ 1Y i 1
(p+fx 20 M) axsn Ytk ) Mx2A /I+A_xaB ot
},‘ 2 am Ji7 2 9%

oF BG\ 3
-Ax (—5"—1'4--5?/;4- 0(AxT). 7

Since the error introduced is of the same order Ax3 as the error in the
trapezoidal rule, stability is not affected. This equation can then be

solved in two levels

Ax 9A oF G
4+ =228 * - e =
(I 2 3 ; AU Ax 8n+8¢/' .

I+gasi}wi-w*
2% |

i+l i i

U U™ + AU,

This method has several disadvantages. If used with a more
accurate difference method, the error introduced in the factorization
will lower the error order of the method; however, if used with a lower

order method such as the Backward Euler, good results could be expected.

(6)




However, Lubard and Helliwell note that the difference in ¢ near n = 0
has a singularity there, and use instead a method that uses the factorization
(7) in n but solves for each set of solutions at each ¢k in sequence
¢O = 0° to ¢k = 180° in steps of A¢. This is done iteratively until the
computation converges. At each ¢k’ the resulting system of linear
equations is an n by n block tridiagonal matrix of block size m by m
where 1 =1, ..., n for ni and m = 6, the number of states at each point.
The method is comparable to a Gauss-Seidel iteration with each element
of the solution replaced by a (n*m)2 size linear equation.

In actual practice, the equations are rewritten to compute the
change AU in the current value of U(xj+1). This is called the delta

form of the corrector and yields a linear block tridiagonal system

E B, &

[ A, B, €, AU = RHS (8)
I

: nn

where Ai’ Bi’ and Ci are square m by m matrices, RHS is a m by n corrector

for U(x,,.).

i+l
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2, Research Conducted

A portable program called HVSL [9], which is a modified version
of the Lubard and Helliwell code and is used at Arnold Engineering
Development Center (AEDC), was available for experimentation. It is
portable since the initial state of the system is read in, in part,
from cards and then, after solving a boundary value problem, all initial
values at 50 n points and 19 ¢ points are known. These can be changc?d
by an interpolating procedure included in the code. For experimental
purposes, the number of ¢ values from windward (0°) to leeward (180°)
was reduced from 19 to 3, Validation tests were run at angle of attack
a = 1° to determine if this modified system produced the same solutionm.
At least three decimal place agreement was observed at ¢ = 0°, 90°, and
180°, so it was concluded that this much less expensive test program
was adequate for testing modifications to HVSL.

The following changes were made to HVSL.

), representing the

+1
solution U(xj+1, My ? ¢2) for k = 1, NK, 2 = 1, NL by the Euler explicit

1. The initial (predicted) value of U(xj

method, is computed by

U(xj+1) = U(x,) + (U(xj) - U( )) % ij+1/ij'

j *5-1

While this appears to be using a finite difference to approximate the

derivative ﬁ(xj) = dU(xj)/dx, it is actually the correct value since, if

Euler's implicit formula is iterated to convergence,

U(xj) = U(xj_l) + bx, U(xj). 9

The modified program stores the derivative term Ax ﬁ(x ) in AUO after

i3

the last evaluation and correction of whatever numerical method is in use,

and this is used in an Euler explicit predictor. No additional storage

e $ e
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is required.
2. The check for convergence in subroutine IMPETA checks to see

if the right hand side of the matrix equation (8) satisfies
2

6
I RHS| . < 6%10°
=1 i,j,k,1 -

6
i

for all Mo for each ¢£’ 2 =1, NL, for convergence at xj. The subscript i
refers to the six state variables. In test runs, no calculation ever
terminated due to meeting this convergence test, but instead the maximum
number of iterations were used. A more appropriate convergence criterion
would be to stop when the last corrector did not make any changes in the
third decimal place of any variable, and this relative change criterion
was implemented.

3. The Lubard and Helliwell code uses the Backward Fuler corrector

U( ) = Ux

xj+l j) + Ax U(xj+l)

to calculate successively better approximations to U(x,,.). Using the

j+1
the delta form, it is seen that
- 10 = ]
a? = v (xj+1) - U(xj) = Ax U(xj) (10)
avt = Ul(x ) - Uo(x )
j+1 41
_ 00 .
= U(xj) + Ax U (xj+l) - (U(xj) + Ax U(xj))
_ 00 .
= Ax(U (xj+l) - U(xj)) (11)
i i i-1
AUT = U (xj+l) -U (xj+1)
si-1 +f-2
= Ax(U (xj+1) - U (xj+1)), i=2, ..., 5. (12)

8
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Since this calculation is already programmed, AU can be used as is in
two different corrector formulas. The Trapzoidal Corrector

9 i

vlex, ) = UGx,) + Ax<ﬁi’1(xj> + Gx,)) /2.

*3+1 i

can be implemented by

UGy = UG + ax(@00x ) + T0x ) /2.
. = UGx) + ax Bex,) + Ax(ﬁ°<xj+1) - b)) /2.
= Uo(xj+l) + aut/2. (13)
and then
) UhGxpy) = UG + ax(@ g, )+ Bex)) /2.
= UG + xR ) + 0 /2 4 ax@ e ) - TR ) 2.
= 01y ) + B0t (14)

The Iterated Multistep Method (IMS) due to Hyman [10] is:

0 _ .
‘ U (xj+l) = U(xj) + Ax U(Xj)
Ul(x ) = U(x,) + Ax(ﬁo(x ) + U(x,))/2
j+1 3 i+l j ’
i _ gi-1 ~i-1 _ ei-2 -
Uiy ) = U0 Ty + ax(U7 T0xg ) = U7 "0y )/ (4D, 4 = 2,3,4,. .00
1 This can be formulated the same as the Trapezoidal method for i = 0,1,
' and then
i _ i-1 i -
I U (xj+1) = (xj+1) + (AUT)/(i+1), 1 = 2,3,.... (15)
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These alternative methods have both stability and accuracy advantages
over the implicit Euler corrector. The Trapezoidal corrector, when

applied to the linear complex equation

cle

=AU, (16)

with nonzero initial value of Uo, damps out any error introduced by

either machine roundoff error or the discretization of the solution with
respect to x for any Ax > 0 as long as A has a negative real part. This

is called A-stability [11]. The exact solution to (16), exp(kx)Uo, behaves
the same way since an initial error d0
and thus the error contribution goes to zero as x goes to infinity if

A has negative real part.. This assumes that the Trapezoidal corrector is

solved exactly, which is possible in the linear case since

Ui+1 = (1 + AxA/2)/(1 - Ax)A/2) Ui'

Stability behavior is somewhat different if Ui+ is solved iteratively,

1
as must be the case in a nonlinear equation. Thus, the stability behavior
of the trapezoidal corrector should be investigated further.

The accuracy of the Trapezoidal corrector is based on the local
discretization error, which is the size of the error in Ui+1 if Ui were
the correct solution. This is proportional to sz for the implicit
Euler corrector, but to Ax3 for the Trapezoidal corrector. Thus, the
Trapezoidal formula is more accurate.

The IMS method, applied to (16), has the property that each successive

corrector iteration increases the stability region, i.e. AxA such that

errors introduced are not increasing in size as the calculation proceeds.

10

yields the solution exp()‘x)U0 + exp(Ax)do,




* Figure 2. Linear Stability analysis of Iterated multistep
- method., Consecutively larger figures are

v! for 1 = 0,1,2,3.




N See Figure 2. Also, in the linear case only, each application of the IMS
corrector equation increases the accuracy, i.e. the discretization error
of Ui is proportional to Axi+1. In the nonlinear case, the error term is
similar to that of the Trapezoidal corrector.
The above changes were made to the HVSL test program, and the resulting
values were compared to the original program. It was noted that none
+[ the test cases achieved convergence, either the old or new convergence
criterion. However, all significant numerical values did agree to two
decimal places, so it was concluded that there was a marginal stability
problem, and the stability analysis in [12] was insufficient to explain
the phenomenon since that analysis was based on linearizing the system
and inspecting the eigenvalues of the resulting Jacobian matrices. There-
fore, a simpler test case involving only one space variable and time
. as the independent variable was used to study the three methods. The
nonlinear problem has properties similar to the HVSL problem, and uses
the same discretization as the Lubard and Helliwell method.
The quasi-one-dimensional time dependent flow of an inviscid perfect
gas through a converging-diverging nozzle use the variables:
x = distance, normalized to [0.,1l.],

A(x) = nozzle cross-sectional area,

B |
o U = EJ |
. L !

where the state variables are P, the gas density, m = pU where U is the

[ R

° 1 velocity along the x axis, and e = p(e + U2/2) for e = ch, where T is the
temperature and <, is the gas constant. Thus, T = (e - m2/(20))/(ocv).
l The equations are
' £lij oF
! . ot + X G an




and

i - m d(1n A)/dx
§

G = |- m d(ln A)/dx/p

i
|
i
|
1
!
‘
i
i

|
. L— m(e/p + RT) d(lnA)/dx

A working version of this program was provided by Dr. John C. Adams

of AEDC. The program linearized (17) with respect to t, giving

du . 8F dU _
dt = U dx (18)

and replacing kil by finite difference approximations over a net of 101 equally
ax

spaced points. Thus, the result is a system of 303 ordinary differential

; - equations in t, with algebraic boundary condition consistent with the
: method »of characteristics solution in one dimension at the inlet, and

extrapolation of supersonic outflow at the exit. The resulting block tri-

. diagonal system is
t
% B, &
;: \ A2 82 C2 AU = RHS
. ‘ % An Bn
P [ ,

for 3 by 3 matrices Ai’ B, Ci’ t=1, ..., 101. The linearized initial

i
I value problem is solved exactly, once each time step. The numerical method




is parametrized as [13]

dUCe) 1 (42 a-29 e )
dt At~ 1+ 0A n

where A is the forward difference operator, V is the backward difference
operator, and 0 = 1, z = 0 yields the exact implicit Euler solution
of the linearized problem; O = 1/2, z = 0 yields the exact trapezoidal

. solution; and @ = 0, z = 0 would yield the explicit Euler predictor
except the program would divide by zero if © = 0. This does not emulate
the iterative solution technique in the Lubard and Helliwell code, so
the program was rewritten to use an explicit Euler predictor approximated
by © = 10", r large, then successive linearizations and computations of
AUi consistent with the implicit Euler technique used in HVSL. Then

either AUi could be used as is to get the implicit Euler predictor, or

else equations (10, 13, 14) for Trapezoidal corrector or (10, 13, 15) for
IMS corrector could be used.

The results for the Trapezoidal and IMS test runs, using a constant
4 corrector iterations, agreed to 4 decimal places with the original
program at the 4th time step, and to 2 decimal places after 15 time steps
(the equations are being integrated to steady state). The velocity U,
which depends on e and p, becomes unstable by the 4th time step when the

implicit Euler corrector was iterated 4 times, by the 10th time step when

iterated only once. Thus, the stability properties of the linearized

i equation are seen to be different from those of the nonlinear equation. Note

that the step size At was chosen to meet the Courant-~Friedrich-Lewy
criteria for the linearized implicit Euler formula, yet this step size
does not work with the nonlinear equation it is based on. This confirms

that a stability problem exists.




A new technique has been developed to study stability of ordinary

differential equation integrators as they are applied to nonlinear differential

systems [14]., The analysis can usually be carried out using an interactive
graphics package called STAN. If the user knows an approximate equilibrium
point U* where dU/dt = 0, then it is possible to investigate the stability
of any two dimensional subsystem by varying only two values, i.e.,

we investigate the system u = (ui, uj) = U + eidi + ejdj where ei, e:l

{0 dj are scalar perturbations.
This allows the contractivity region defined by Dahlquist [15] to be

are the i-th and j-th unit vectors and d

T

mapped. The boundary of this reglon consists of points at which the

forward difference in the independent variable t of a quadratic function
V(u) = u*Qu is zero. V(u) is chosen in the same way as the Liapunov

P stability function is chosen [16], using the Jacobian matrix of the
derivative with respect to the vector u = (ui, u,). Thus, if this boundary

b
is found using the exact solution, then any solution U(t0 + At) with

initial conditions U(to) on the boundary has the property V(u(t0 + At)) =

V(u(to)). This can be further refined to compute a stability region

inside which u(t0 + nAt) will stay for any n, at least in the autonomous
g N case. Similar regions can be generated for the numerical solutions using

the same At. Figure (3) illustrates the results for the linear case:

) y = u1 + iu2
y =2y, y00) = (u, u,) (19)
A= ln(yo)/At
n+l 2 2
t with exact solution at mesh points y(tn) =Yy, . For V(u) = uj + u,, the
! .
contractivity region and stability region are both the unit circle about 0.
“ ‘\ 15 ‘
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Figure 3A,

Non-Linear Stability analysis of y' = Ay:

Contractivity region for a) explicit Euler,
b) trapezoidal with one corrector iteration,
¢) trapezoidal with 2 corrector iterations.

16




-1.5 +1.5

—105

Figure 3B. Non-Linear Stability Analysis of y' =y
a) explicit Euler predictor, one implicit
Euler corrector b) same predictor, 2

) corrector iterations.
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Figure 3C. Non-Linear Stability analysis of y' = Ay for
the iterated multistep method for a) 2 steps
b) 3 steps c) 4 steps d) 5 steps.




The point (0,0) corresponds to the point at infinity in the linear analysis

described earlier, and the point (1,0) corresponds to the origin in the
linear analysis.

To get the exact solution to a differential system, a program
SERIES [17], written in PASCAL, is used. It can accept up to 20 first
order ordinary differential equations as input and will write a FORTRAN
subroutine SOL(T, Y, YO, IND) which, when called for a certain value of
t = T, given initial conditions of u(t) at t = 0 stored in the FORTRAN
array YO, will recursively generate the coefficients of the power series
solution of u(t) starting with the constant terms stored in YO, and H
output in the array Y the solution u(t), or else indicate that the radius
of conveirgence of the series is not greater than t by setting IND to
certain nonzero values. Of course, not every possible function is
included, but the trigonometric, logorithmic, and exponential functions
of the dependent variables are allowed, as well as most FORTRAN functions
of the independent variable. This program has been tested on numerous
nonlinear systems and the resulting subroutine SOL has been interfaced

to STAN, but no system of partial differential equations has been included.

Two different stability analyses were attempted for the converging-

diverging nozzle example. In one, two interior stations were isolated, and

the forward divided difference was used on all variables that were differentiated
with respect to x. Letting two consecutive p values be called Rl and R2,

two consecutive m values be XMl and XM2, and two consecutive e values

be E1 and E2, a system of six state variables would result. However,
temperature, which could be considered constant but is actually a slowly

varying function of e, m, and p, and d(ln A)/dx, a constant, must be

accounted for at the two points. By setting their derivatives with respect

to t to zero, these constants can be input to STAN along with the state




variables. Let XK1 and XK2 be consecutive values of d(1n A)/dx and TMP1

and TMP2 be temperature values, and denote the derivative of a variable

Z by Z+, then the resulting input to SERIES is:

R1l.=- (XM2-XM1) /DX~XM1*XK1;

R2.=- (XM2-XM1) /DX-XM2*XK2;

XML, =-XM1*XM1/R1*XK1+( (XM1/R1)**2—-R*TMP1)*(R2-R1) /DX
-2, *XM1/R1*(XM2-XM1) /DX;

XM2, =-XM2*XM2 /R2*XK2+( (XM2/R2) **2-R*TMP2) * (R2-R1) /DX

-2, % (XM2*XM2 /R2) * (XM2-XM1) /DX;

El.=-XM1*(E1/R1+R*TMP1) *XK1+(XM1*E1) /R1%*2% (R2-R1) /DX .
- (E1/R14+R*TMP1) * (XM2-XM1) /DX-XM1/R1* (E2-E1) /DX;
E2.=-XM2* (E2/R2+R*TMP2) *XK2+XM2*E2 /R2%%2% (R2-R1) /DX
- (E2/R24R*TMP2) * (XM2-XM1) /DX~XM2 /R2* (E2-E1) /DX;
TMP1.=0. ;

T™MP2.=0.;

!
XK1.=0. 3 §
|
XK2.=0.;; ;

where R and DX are constants and the known equilibrium values from a i
test run can be read in. Since TMP = (e - m2/2p)/pcv, TMP1. and TMP2. can

also be entered by differentiating this expression, but results will be

similar. Appendix A contains the output of SERIES for this input.

In order to avoid using the same derivative with respect to x,

0‘.

a system based on one x point with constant input partial derivatives was
also tried. This system uses the variables: RX for p; XM for m; E for e;

RDX for 9p/3x; XMDX for aﬁ/ax; and EDX for BE/Bx; TMP for temperature, and

XK for d(ln A)/dx.




RX.=—XM*XK-XMDX;

XM, =—XM*XM/RX*XK~- (R*TMP- (XM/RX) **2) *RXDX

-2.*XM/RX*XMDX;

E.=—XM* (E/RX+R*TMP) *XK+XM*E /RX* *2*RXDX
- (E/RX+R*TMP) *XMDX-XM/R*EDX ;

RXDX.=0.;

MDX.=0.; l
EDX.=0.;
T™P.=0.;

XK.=0.3;3;

Appendix B is the output of SERIES for this input.
Both systems were tested against the explicit Euler solution of the
corresponding initial value problem (SERIES also generates a FORTRAN

subroutine DIFFUN(T, Y, DY) which fills the array DY with the derivative

evaluated at u(t) where t = T, u is in array Y). It was discovered that
the radius of convergence of the power series contracted sharply for

values past the throat of the nozzle, so only values between the inlet

and the throat can be analyzed using STAN. Table I gives initial values
that were picked for analysis. Note that the throat is at x = .26
where d(1n A)/dx = 0.
Both of these systems were run with both sets of initial data, and
the resulting contractivity regions are displayed in Figure 4. These were

only achieved for At of 5*10_12, and do not correspond to the expectations

.

of results from test runs. Also, they are identical for both the analytic 12
and numerical solution, which suggests they are actually an artifact of i
the program STAN. This can be seen to be the case since the first step

l of generating the stability region about an equilibrium point U* is to

: 21
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' Figure 4. Non-linear stability analysis of the nozzle
problem. Solid line: m vs. e with center at
(16.5, 355587.). Dashed line: p vs. m with
center at (0., 16.5). Both axes of length 1.
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3. Research Findings

Relative to the specific research outlined in the original
proposal on this research, the following findings are of interest.

1. A study of recent literature on finite elements [18],[19]
reveals that use of finite element techniques are not easily adaptable
to nonlinear systems in several dimensions, especially when the system is
designed to be easily changed as different reentry vehicle configurations
are tested. The analysis of minimum and maximum step size found in [12]
is really inadequate in the finite difference case, depending as it
does on linearization of the differencial system, and a similar analysis
in the finite element case seemed both beyond the scope of the intended
research and not very fruitful.

2. Since the algebraic amplification matrices involved in the linear
stability analysis of the methods under investigation did not point out
the experimentally observed instability, it was inappropriate to develop
a complicated algebraic manipulation package to compute such matrices.

3. After working with the two model packages HVSL and the converging-
diverging nozzle, it was concluded that the form in which the updates to
the dependent variable vector is derived (the "delta" form), resulting
in parts of the numerical method being computed at various stages and places
in the program, would make it difficult to submit these codes to use by
standard packages, [20], [21] which usually require a single subroutine such
as DIFFUN(T, Y, DY) to compute the first derivative array DY given the

state variable array Y and the independent variable, T. On the other

< hand, the "delta form" can be easily adapted to most implicit multi-step
correctors ]
k k .
U(x,) = £ aU(x, ,) +8x I B,U(x, ,),
g I =0 1 31
\ 24
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; search from U* along a particular line in (ul, uz) space emanating

from U* searching for the initial conditions of the bisection method, i.e.,

find 1 such that AV(U* + Zi(el, e2)) has different sign from

AV(U* + Zi+1(e1, e2)), where (el, e2) represents the unit vector in the
search direction for the two variables being changed, uy and u,. The
variable i varies from -3 to 4. In most applications of ordinary
differential equation stability regions, the various state equations are
not highly coupled, and when two equations are coupled, one usually

: attempts to find the stability region using these two variables. For

discretized partial differential equations, however, the variables are

necessarily highly coupled, and apparently a change on the order of
| 100 percent creates an immediate overflow. Thus, the actual stability E

region for At = 5"‘10_12 occurs because AV = 0 when At is made so small

that V(ul(O),u 0)) = V(ul(At),uz(At)) by either numerical or analytical

techniques.

To test this hypothesis, one value, at x = .24, of p, of 5, and of e
were each changed to 10 times their original value and the original,

linearized, converging-diverging nozzle program was run. In each of the

three cases, overflow stopped the calculation by the third time step.
Therefore, STAN must be modified to take into account the coupling of the i
state variables when analyzing the stability of systems of partial f
differential equations. This modification is currently being made. If
successful, it would open the way to automatic stability analysis of

complicated systems of nonlinear equations to allow researchers to choose

.‘.

which numerical method is most appropriate, from a stability standpoint, to

o e e e

integrate their parabolic-hyperbolic discretized system.

, %
i
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with only the additional storage for carrying the U(xj—i)’ Ul(xj_i)
terms. Also, methods for changing step size Ax and even changing from
one formula to another could be adapted from the packages. However,
since the finite differences are usually only first order accurate the
effort on nonlinear systems of a high order method in the independent
variable versus a low order method in the spatial discretization is
not yet understood. Certainly in the linear case there is a stability
argument against it,

4. The best tool now available for the analysis of a nonlinear
parabolic system could be STAN, provided an understanding of how to
reduce a discretized system to one of a convenient size for such an
analysis. Certainly the cost of both computer time and programmer time
of entering the entire discretized system is prohibitive, yet the two
attempts to enter significant subsystems did not yield sufficient information
to show the value of this analysis technique.

However, experimental evidence exists that the numerical methods
currently used to model high speed flow on a cone is, at best, marginally
stable, and the results suspect. Continued research should be undertaken
to provide an understandable method for directly analyzing the stability
properties of parabolic-hyperbolic systems, and comparing them to the
stability behavior of numerically generated solutions, and to chose, when

appropriate, more accurate numerical methods that do not require significantly

larger storage.




APPENDIX A

Output of SERIES for divided difference formulation
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SUBROUTINE DIFFUN(T,Y,DY)
DIMENSION DY(20), Y(20)

DATA R/1716e/4XKL/Ta86T11/4XK2/ 7459839/ ,CV/42904/40X/ 401/

DY(1) ==(Y(4)=Y(3))/DX=Y (3)=XK]

DY (2) ==(Y (4)}=Y(3)}/DX=Y{4)*XK2

DY {3)==Y(3)*Y(3)/Y(1) =XKL+ ((Y(3)/Y{1))%%2=R=Y(T7))=(Y(2)=Y(1))/DX=
+2.5Y(2) /Y (1) (Y(4)=Y{3)) /DX

DY(4) ==Y (4) %Y {4)/Y(2)%XK2+( (Y (4)/Y(2))**2=R=Y (8) )2 (Y (2) =Y (1)) /DX~
42,2 (Y(4)/Y{2) )*¥ (Y (4)=Y(3)) /DX
DY(5)=~Y (3)=(Y (51 /YL +R*Y{ 7Y 1= xKI# (Y {3V 4YT5) )1 /7¥( L) ¥ = 2= (Y(20=Y(1)
$)70X=(Y(5)/Y(L)+R*Y(T))= (Y (4)=Y(3))/DXaY{3)/Y{LI*(Y(6)=Y(5))/DX
DY(6)==Y(4)=(Y(6) /Y(2)+R2Y(8) )xXK2+Y(4) =Y (6)/Y(2)*%2=(Y(2)=Y(1))/
DX (Y6 /Y {2V +R=Y (8= (Y{A)=Y(3))/0X=Y(4) /Y (21=(Y(6)=Y(5)) /DX
DY) =U( (=Y {3)%(Y(5)/YLL)+R®Y (T} )=XKL+(Y(3)=Y(5))/Y{1)=%2%(Y(2)=Y
+11))/DX=(Y{5)/Y(1)+RSY(T))=(Y(4)=Y(3))/0X=Y(3)/Y(L)=(Y(6)=Y{5))/DX
) =Y (3= (=Y (3)*Y(3) /YU *XKT+((Y(3) /Y( L) 1=%2=ReY (71 ) € (Y(2) =Y (1)) /DX
420 Y33 /Y 0L S (Y(4)=Y13))/OXD/YUL))/Y (L) m(Y{5)mY(3)mx2/Y( 1)) %{=(Y(
+4)=Y(3) ) /06X=Y (3)=XKLI/Y(L)**2)/CV
DY (1= (=Y (4= (Y61 /Y {2V +R*Y(B))XK2+Y (@)=Y (6] /Y (21=%2*( ¥Y(2)=Y(1
+1)/70X=UY(6)/YU2)+R=Y(B))={Y{4)=Y(3))/DX=Y(4)/Y{2)*(Y(6)=Y(5))/DX)=
+Y(4)'(-Y(4)’Y(4)/Y(2)*XK2+((Y(4)/Y(2))**Z-R'Y(s))*(Y(Z)-Y(l))/DX-Z

YT 7Y 2 T =Y (A =Y (3 1 /DX 7Y (2N /Y (2 = (Y (6 =Y (&1 %% 2/ Y (2) )" (=( V¥ (

+4)‘Y(3))/DX-Y!4)=XK2)/YI2)’*2)/CV

DY(9)=1.

RETURN

END
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SUBROUT INE SOL(T, YO, YNEW, IND)

. DIMENSION YO(20), YNEW(20)sZ22ZB(20),DTFAKE(20)4DR1(20),R1E20),XM2
; _#(20) 4 XM1(20),TST(20),TSU(20),TSV(20),TSW(20),TSX(20),0R2(20),R2
: +120),7S1020),T52(20) yOXML(20),753(20) ,TS54(20) ,TS5(20) 4 T56(20) ,T57

+(20),TS8(20), TMPL(20) 4 TS9(20) ,TTS(20),TTT(20),TTU(20),TTV(20) ,TTHW
_#(20),TTX120), TTY(20),TT0(20),TT1(20) ,TT2(20) ,DXM2(20),TT3(20),TT4
+(200,TT5(20), TT6020),TT7(20),TT8(201, TMP2{20)+,TT9(20)sTUS(20), TUU
$020)9TUVI20) s TUW(20) ¢ TUY(20),TUOL20),TUL(20),TU2(20),DEL(20),EL
+(20),TU3(20),TUS(20) ,TU6(20),TUT(20),TUB(20) 4 TU9(20) 4 TVS(20),TVT
+(20), TVV(200), TVWL 200, TVX120), TV2{ 200 s TV3(20), TV4(201,E2(20) ,TV6
+(20),TVT(20),TVBL20),TVI(20) yDE2(20) s TWS(20) s TWUL20) s TWV(20), ThW
41200, TWX{20), TWY(20) s TWZ(20) , TWO(20), TW2(20) s TW3(20),TW4(20),TH9
+(20) s TXSI20) 4 TXT(20) o TXW(20) y TXX(20) ¢ TXY(20)+T26(201+ 7271 207,728
+(20),T29120),70S(20),T0T(20),TOU(20),T00(20),T02(20),T03(20),T04
+(20),T3U(209,T3V(20),T3W(20),T3X(20),T3Y(20),T32(20),T30(20),T36 {
#1200, 7380200, 7390201, T4S(20) yOTMPL{20),DTMP2(20),TFAKE(20)
DATA R/17164/9 XKL/ 7486711/ 4 XK2/T7.59839/,CV/4290./,DX/.01/
EPS=1.0E=h
. RI(T)=YG( 1)
R2(1)=Y0(2}
XML(1)=Y0(3)
XM2(1)=Y0(4)
EL(1)=Y0(5)
E2(1)=YO0(6)
TMPL(L) =YO(T)
TMP2(1)=Y0(8)
TEAKE(1)=Y0(9)
IND=0
DO 1 I11=1,19
NITE=111
TII1=111 ~ 1
TSTOITI)=XM2(I11)=XAL{ITI)
TSUCIII)=TST(III) /DX
TSVITTI==T50(TTT)
TSWOITI)=XMLCITI)*XK1
TSXCITE)=TSV(III)=TSWIII)
ARITITI=TSX(IT)
RI(III + 1)=DRL(ILI)/FLOATLIII)
TSLOTII)=XM2(111)=XK2

DR2(ITI)=TS2(11I )
R2{11I1 + 1)=DR2(ITL)/FLOAT(II)
! TS3(II11)=0.
* DU 1IN0 JJJ=1,111
‘ 100 TS3CIII)=TS3(IT1)¢XMLIJJJI*XML(ITT=Jdd+])
IF (IIT.EQ.1Y GG TO 101
TSGUITI)=TS3(III)=TS&(LY*RL(III)
[F{1]11.EQ.2)G0 TO 102

D0 103 JJJ=2,1111

b 103 TSHUIIIN=TS4(1I1)=TS4(JJJ)YRLITITI=gJd+1)
. 102 TsatlrDy=Ts4llID/RL(LY » o
) GG T0 104

101 TS4(IlLI)=TS3(ITD)/RLUILT)

194 CONTINUE —— : e
TSS(ITII=TSatTIT) *xKi ) '
TSollII)==TS5(1II)

IF (1I1.EQ.1) GG TO 105

TSTCEIN)=xMLITI)=TSTLL)=RL(TTL)




—lor __
106

105

IFI111.FQ.2)G0 TO 106
DO 107 JJJ=2,1111
TSTOIII)=TSTCITI)=TST(JJII*RL(TI [=JJJ+1)

TSTUITI =T1STUITI) ZR1(1)
GO TO 108
TSTLIII)=XMI(IITD/RICITD)

108

CONTINUE
TS8(Ill)}=0.
DO 109 JJJd=1,111 e e

109

TSBUIII)=TSBULIIY+TST(JIINATST(III=add+1)
TSO(ITI)=TMPLIITI )=R

TTS(LIII)=TSBIIII)=TS9CIII)

TTITCIIT)=R2{11I)=RL(III)
TTUlll1)=0,.
00 110 JJJ=1,111

110

TTULITI)=TTULIII) +TTS{JJII*TTTIIII=ddd+l)
TIVOITE)=TTU(III) /DX
TTW(III)=TSALITI)+TTVI(III)

TTX(IIT)=XML(II1) =2,
IF (I1I.EQel) GO TO 111
TTY(ITE)=TTX{III)=TTY(1)=R1(II])

113

IF(IIT1.EQ.2)GO TO 112
DG 113 JJJ=2,1111
TTYLII D) =TTY(II1)=TTY(JJJI*RL(]ITII=uJJ+l)

112

111

TYY(LEDY=TTYLIII) /R1LL)
GC 10 114
TIY(ITI)=TTX(III)} /RLLITT)

114

CONTINUE
TTO(III)=0.
DO 115 JJJ=1,111

115

TTO(II) =TIO(TIT D) +TTY(JJIIY*TST{ITI=JJJ+1)
TTHLIID)=TTO(III) /DX
TT2(II1)=TTW(III)=TTL(III)

DXML{TTI)=TZ2{III)
XML(IIT + 1)=0XML(IILI)/FLOATI(III)
TT3(II11)=0.

D0 116 JJJ=1,1T1
TT3(ITII)=TT3(II1) #+XM204JJ)=XM2( T 11 =dJJ+1)
IF {(111.EQ.1) GC TO 117

TT4(TTIV =TT3(TI1Y=TTa{[}=R2(IIT)
IF(II1.EQ.2)G0 TO 118
DO 119 JJJ=2,1111

119
. 118

TT4UTIT) =TT4{ITIT =TT4{JJIN=R2TTTI=JJJ+1)
TT4(ITII)=TT4(II1)/R2(1)
GC TC 120

117
120

——l1e3
122
121
24

TTe(TTTY=TY3TITIY/R2(11T)
CCNTINUE
TTSUITI)=TT4(II1) =XK2

T TTTIT ) ==TTI5 (11T )

IF (I11.€Q.1) GC TO 121
CTT7UIII =XM2IT 1) =TT70L)=R2LILI)
TIF(TITJEQRL.2)G0 10 122
00 123 JJJ=2,1111
TTTUITI=TTT(IIT) =TTT(JJII*R2(I1[=JJJI+])
I ETTTCIILY JR2(TY

GC TC 124

CTTT0IIL)=XM20TITT) /7R20TTT)

CUNTINUF




"

123

TT8(ill)=0.
DO 125 JJdJd=1,111
_TTadIII) =TT8 LTI} +TT7(JJIIA*TTI {1 I=gydel)
TI9(III) =TMP2{ITT ) *R
TUSCTID)=TT8(II1)=TTI(II])

TUULTITI)=0.

126

DO 126 JJdd=1,111
TUULTII D) =TUULTII) ¢ TUSUJIII=TTIT I I=dJJd+1)
TUVLITE)=TUULITIT) /DX

TUW(TTI)=TT6(II1)+TUV(ITI)
TUY(TIT)=TTT(1L1) %2,
TUO(III)=0.

127

00 127 Jdd=1.111
TUOLTIIII=TUOLIII) «TUY(JJJ)I=TSTIIII=JdJJ+1)
TULITITTI)=TUQLIII) /DX

TUZ(IIT)=TUW(IT I =TUL(LII)
DXM2(IT1)=TU2(11I)
XM2(IT1L + L)=DXM2(III)/FLOATUIII)

IF (ITT.EQ.1) GO TO 128
TUB(ITI)=EL(IIT)=TU3{L}=RL(IID)
IF(111.EQ.2)G0 TO 129

130
129

00 130 Jud=2,1111
TUB(TII)=TUB(IIT)=TU3(JJI)*RLI{ITT=JII+1)
TUS(TITI)=TU3tIIII/R1(1)

128
131

GG TU 131
TUB(IIN)=CLITIL}/RL(ITIT)
CINTINUE

TUSCIII)=TUB(IIT)«TSI(LIN
TUu6(1ll)=0.
00 132 JJJ=1,111

132

TUG(IIIY=TUG{TIT) +XMI(JJ3JeTUS({TIT=ddJ+1)
TUTLTIII)=TUS(ITT) £XK1
TUB(ITI)==TUT(ITI)

133

TU9(II1)=0s
DO 133 JJJ=1, 11l
TULTII)=TYGUITT) ¢ XMLIJJII*EL(TTI=JJd+l)

134

TVS(III)=0,
DC 134 JJJ=1,111
TVSULID)=TVSUITT}4R1(JIII=RLITII=dII¢])

IF (IIT.eQ.1) GC TQO 135 -
TVICITD)=TUSHIT ) =TVT{L)=TVS(IIT)
IF(I11.EQ.2)G0 YO 136

137
136

DC 137 JJdJd=21111
TYT(ITI)=TVTLLII)=TVT(JJI)*TVS(ITI=JJJ+l)
TVIOIII)I=TVT(ITII)/TVS(1l)

135
138

G0 T2 133
TVTHIEI)=TUSLITI)/TVSIUILI)
CIONTINUE

140

EIRDICLENNNES T S

TVAITT D =TVX(TTh=TV3 0Ly

TV (Ti(7=0. TSI O o T T
DO 139 JJJ=1,111
CTVWHTID =TVVUITI) #TVT(JIII A TT T I L I=00d41)
TVW{IIT)=TVVIILII)/0X
TVXEITI)=TUBCITI) ¢TVW(ILI)

Tv2ilIiY=90,

TV2(TI1)=TV2LIT1)+TUSIIINN*TST(ITI=JJU+1)
TVv3(I11)=TV2(I1I)/0X




s

DO 141 JJdJ=1,111

Tvellll)=E2(111)=CCTIIT)
TVT(III)=0.

TVTCITD) =TVTCILI) +TST(IIIN S TVOL [T 1=dJJ+1])
TVB{IIT)=TVT(ILI) /DX
TVOLILEN=TVAllTI)=TVE(LLL)

DEL(IIL)=TVILIIL)
ELCIIE + L)=DELUIINI/FLOATLIIN
IF (Ill.Edel) GC TO 142

TwSUITI)=E2(ITT1)=TWS(L)=R2(III)
IF{III.EQ.2)GO TO 143
D0 144 JJJ=2,1111

144
143

TWSTT I =TwS(ITI =TwS{JJII=R2(TTTI=3JI+1)
TwSUITI)=TWSIIITI}/R2(1)
GC T 145

1+2
145

146

TWSIITI)I=E2(TTT/R2(II 1)
CONTINUE
TwU(LII)=TwSCLIT)+TT9(i1])

TWV(III)=0.
DO 146 JJJ=1,111
TWV(III)=TWVLITE) #XM203JJ)=*TWULITI=JJJ¢+1)

TWWIIILI=TWwVIII])=XK2
TWX{TII)==TWW(III)
TWwY({III)=0.

147

DC 147 JJdd=1,111
TWY(TIIY=TWY(TEL) +XM2(JJJI*E2{1T1=dJJ+]1)
TWZ{III)=0.

148

D0 148 JJJ=1,111
TWZITI)=TAZ{ITI)+R2{JJJI=R2( 1] 1=JJJ+1)
IF (ITI.EGel) GO TO 149

TWO(TII)=TWY{II)~TWO{L)*TWZILIIT)
IF{III.EQ.2)G0 TO 150
DQ 151 JJJ=2,11T11

151
150

TwOlTTD =TWOUTT IV =TWOlJIINXTWZITII=d0U+1l)
TwO(III)=TWOCIII)/TWZ(1)
GJ TO 152

149
152

TWwO(III)=TWY(III)/TWZ(III)
CONTINUE
TW2({II1)=0.

DU 153 JJJ=1,111
TWLIITI=TW2(ITI) +TWOLJJII*TTT(III=dJJ+1)
TW3{I1I11)=Tw2{(111) /DX

TWa (TTI)=TWX{ITT) +TW3(TIT)
Twa(Ill)=0.
DO 154 JJJ=1,111

154

T TXwlltii=o.

155

%A

“ 156

TTE20110 ¥ 11=DE2(TITY/ZFLOATCITLY ©

TwO(TII ) =TWOTITIV*#+TWUL I =TSTII11=dJd¢1)"
TXS{III)=TWSlIIT1)/DX
TXTCIII)=TWal(IT ) =TXSCIRY
DG 155 JJJ=1,111

TXWITI) =TXWOTIIY +TTT(DII) = TVO( I TI=ddJ+1)
TXX{LET ) =TXw(1T1) 70X T
TXY(EII)=TXTCIII)=TXXL{III)
DE2(TII)=TXY{III)
TZolii1)=0.

vl 156 JJJ=1,111 .
TZ6(1T1Y=TZ641T11)eXMLIUJIII=TT2(11I=dddel)




F

IF (II1.EG.1) GC TO 157 |
TZ7UIUI)=TZ6(II1)=TZ7(1)=RL{LILI) g
__ IF(II11.EQ.2)GC TO 158 L - i
D0 159 JJJ=2,I111 :

159  TZTUIIII=TZ7(IL1)=TZ7(JIII=RL(III~3Jd+1)

158  TZT0111)=T27L111)/R1(1)

GC 10 160
157  TZ7U111)=TZ6(II1)/RL(ITL)
160 CONTINUE _
TZ8 (1111 =TV(ITI =T27(1T1)
IF (II11.Ed.1) GO 70 l6l
L TI9(LI1N=TZB(II1)=TZO(L)<RLAILIL)
IF(111.EQ.2)Ga T0 162
DO 163 JJJ=2,1111 \
163 TZ9(III)=TZ9(1I1)=TZ9(JJJ)*R1(I[I=JJJ+1) ;
162 TZ9(IT1)=TZ8({11) /RI(1) ‘
GG TG 164
1ol TZOUITIN=TZS(IID)/RLC(IID)
T164° CONTINUE
TOS(II1)=0.
DG 165 JJJ=1,111 ) S
165  TOS(IIIN=T0SCITII #XMI(IJITXAL(TII=03T+1)
IF (IT1.EQ.1) GC TO 166
TOT(III)=TOS{III)=TOT(L)*R1(III)
[FITI[.EQ.21G0 T0 167
OC 168 JJJ=2,1111
168 TOT(II1)1=TOT(III)=TOTIJJJI*RI(III=JgJ+1)
167  TOT(ITI)=TOT(IIT) /R1(T)
GC TG 169
166 TOT(IEE)=TOSC(ILI)/RLUILI)

169 CAUNTINUE
TOULIII)=EL{III)=TOTC(III]
TOO(I[II)=0.

UC 170 JJJ=1,111
170 TOO(LIII)=TOO(III)+TOU(JJII)=TSX(ITImJIJ+l)
IF (ITV.EQ.l) GG TO 171

TO2(ITI)=T00(IINY=TO2(1)Y=TVSITIIT)
IF{II1.EQ.2)G0 TO 172
DO 173 JJJ=2,1111 o

173 T02(IT01=T02(TT1)=T0Z(IJIN *TVSTITI=JaJ+1)

172 TO2{III)=TO2(II1}/TVS(1)
60 _IC 174

71 TOZ(IT1)I=T00CI 1T /7TVSITIT)

174  CONTINUE
TO3(I11)=TZS(I11)=TO2(III) o
TOAUITI =TO3 011y ¢y~~~ T T T
DTMPLCITII=TO4(I11)

TMPLUIIT + 1)=DTMPL(ITI}/FLOATIIIN)

T3UTITI) 20, T
DO 175 JJJ=1,111

175 T3UCTID)=T3ULITI)+XM2(JJJ)*TU2(T11=dJJ¢1)

TIF (111.5G.1) GG TO 176

T3VILID)=T3ULIT1) =«T3V(L)=R2(III)

 IF(1I1.£3.2)60 10 177

06 173 g9d=2,11 11

t73 TAVIIID)=T3VIII1)=T3aVIJJII*R2(I11=0JJ+l)

177 T3v(III)=T3v(1l11)/R2(1)
) \)O TL 179
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175
179

132

131 TaxXtITE}=T3X(Il1)/R2(1) _

180
_ 133

134

TAVIIEI)=T3U(II1) /R2(TL 1)
CCNTINUE
TaW{IID)=TXY(II])=3VLIIL)
IF (IT1.EC.1) GO TO 180
TAX(II1)=T3W(II 1) =T3X(L)%R2(LII)
IF(I11.EQ.2)60 TN 181

JC 182 4ud=2,1111

TAX(CIII) =T3X(EII)=T3X(JJJI=R2(I1I=JJJ+1)

GO T0 183
T3X(IT1)=T3wlII1) /R2(IIT)
CGNTINUE
T3Y(ITI)=0,

DO 184 JJJ=1,111
T3Y(IIT)=T3V(ITII+XM2{JJII*XM2UTTI=JJJ+1)

IF (111.EQ.1) GC TO 185
T3Z(ITD)=T3Y(II1)=T32(1)=R2(I11)
IF(II1.EQ.2)G0 10O 186

137
136

DG 167 JJd=2,1111
T3Z(I11)=T3Z(I11)=T3Z(JJJ)=R2(11I~JJJ+1)
T3Z(ITI)=T3Z(I11)/R2(1)

135
188

GO 10 188
T3Z0I11)=T3Y{I11)/R2(11])
CONTINUE

T30(1I1)=B2{111)=T32Z01IIT)
T36(111)=0,
DC 189 JJJ=1,111

189

T36(T11)=T380ITT1)+T30(JJIN*TS2(TTI=JdJ+1)
IF (II1l1.EQ.1) GC TO 190
T38(111)=T36(111)=T38(1)=xTWZ(III)

192

IFtI11.EQ.2)G0 TO 191
00 192 JJJ=2y1111
T38(111)=T38(I11)=T38(JJJ)=TWZ(11TI=dJJ¢l)

191

190

T38(1I11=138(TITYV/Twil1)
GG TO 193
T38(I11)=T36(I11)}/TWZ(III)

193

CONTINUE
T39{1I1I)=T3X(I11)=T38(11I1)
T4S{111)=T39(11I})/CV

OTAPZITIIV=T4STIITY
TMP2(II1 + 1)=DTMP2(II1)/FLOAT(ILI)
IF (111.GT.1)DTFAKE(III)=0.

OTFAKE(1I)=1.
TFAKE(III + 1)=DTFAKE(III)/FLOATI(III)
IF (I11.LT.4)G0 TC 1

MTL=TI1T + 1 o
£22711=0.
11112=0.,

194

00 194 JJJ=1.,1111
22221=270221 +R1(JJJ)
IF(JIJelLTalII=4)50 TO 194

CUNTINUE
72L11=EPSALABSIZ22Z1) + 1.)
TFUZ2722.G6T.,22221)GU TO 1
22171=0.

20172=0. o

28 195 9dJd=1,1111

. - ge—— - R e T T ye——
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Z2121=21111 +R2(JJJ)
IF(JJJ.LT.III=4)GU TO 195
22172=12222 + ABS(R2(JJJ))

195 CCNTINUE
Z2221=EPS*(ABS(Z222Z1) + 1.)

1F(22222.67.22221)G0 10 1

111l1=0.
11212=0.
__DO_196 JJJ=1,1111
Z27I1=22211 +XM1(JJIJ)
IF(JJJ.LT.IT11=4160 TO 196

22122272172 + ABS(XMLUJJJ))

CGNTINUE
21221=EPS=(ABS(Z22Z1)
IF(22272.GT.222211)6G0

-
J

+ l.)
10 1

L17271=0.
11122=0Q.
DO 197 JJJ=1,1111

. TTTTIIIIN=IIIIT v XM2U9ddy
[F(JJJeLT.11I=4)G0 1O 197
122212=11212 + AB3S{XM2(JJJ})

CONTIMUE
ZZIZI1=EPS®(ABS(Z2Z2Z221) + 1.)
IF(22222.5T.22221)G0 TO 1

197

22271=0.
112712=0.
DN 198 JJdJ=1,1111

IZ711=27711 +EL(JJN)
b IF(JJJ.LT.111~4)G0O TO 198
. 22272=21112 + ABS(EL(JJJ))

CONTINUE
Z7721=EPS*(ABSIZZ7Z1) + 1.)
1F(22222.6T.22221)G0 70 1

198

22771=0.
122722=0.
00 199 JJJ=1,1111

L2IT1=7T7771 ¥€2(3J3)y
IF(JJJoLT.11I=4)G0 TO 199
111412=11122 « ABS(E2(J4JJ))

199 CCNTINGE
Z2Z71=€EPS=(ABS(Z22Z71) + 1.)
IF(22222.GT.22221)G0 10 1
[1771=0, ) T
2212212=0.

DU 200 J4Jdd=1,1111
JZZ71=771777 +T4P1(334)
IF(JJJ LT II1=41GC TQ 200
L2122=21222 + ABSITHPL(JJJ))
200 T¢onvinwge o o o oo Tw
2212Z1=EPS=(ABS{ZZ2Z1) + l.)
AF(22722.5T7.,22221)G0 TO 1
ZZZZl=Oo
72212=).
_u0 201 JJd=leltIl
LILIL=7L0L1 #TMP2(JJJ)
[F{JJJeLTIII=4)6C T3 201
CLLL22=11042 + ABS(THAP2(JJJI))
CONTINJE

.
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J2221=EPSLABSI22221) + 1.)

» 1F(22222.6T.,22221160 TO 1
_21111=0.

22112=0.

DO 202 JJJ=1,1111

. 21721=1221) #TFAKE(SYY)

[F(UJJ LT I 11=4)GG TO 202

F 22222=22222 + ABSUTFAKELJJJ))

202 CCGNTINVE
IL711=EPS*(ABS(ZL2Z1) + 1.)
[F(22222.0T.222211)G0 TG 1

6o 162 e o
1 CONTINUE
2 CONTINUE
DG 203 JJJ=1,N111 ,
TF{AGBS(RI{JJIIILLTLEPS) GG 1O 203
KKK=JJJ
GC TG 204

. 203 CCNTINUE

204  11111=0.
KKKL=KKK + 1 .
D0 205 JJJ=KKKL,NITI

205 ZI271=22711+ABS(R1{JJJ))
IF(22221/ABSIRI(KKK))WGEL)IND=IND + 1
DC 206 JJJ=Ll,nNIIT
[F{ABS(RL1(JJJ)).LT.ZPS) GO TG 200
KKK=JJJ
GC 1C 207

206  CCNTINUE

207 22171=0.
KKKI=KKK € 1
D0 208 JJJ=hKK1,NTII

203 22721272271 +4BS(RL(JII))

[ETZZZZ17A8STRTIKKK)Y YL GELTTINDEIND + 1T "w
20 209 JJJ=19NIII
IFIABSIRI{JIIIILLTLEPS) GO TO 209
KKK=JdJJ B - T
GG 10 210
206 CCNTINUE
2107 iIii1=0. T o
KKK1=KKK + 1
DO 211 JJJ=KKKL,NIII
211 LI ZIN=IITIIFABS (RITIIINY T T
, IF(222217ABS(RLI(KKK))GE.L)IND=IND + 1
: NC 212 J4JJd=1,N111
‘ TTTTETASS(R2(YIINTLLTLERPSY GO TO2Y T o T T
KKK=JJJ
. koot . . . -
1 2172 TCONTINUE
- 213 1l1111=0.
-  KKKL=KKK + 1 o o B - o -
DL 214 JJJ=KKK14HITL
* 214 12271=22271+ABS(R2(JII))
- IF(22ZZ1/ABSIR2(KKK))eGE.L) IND=IND + 1 e
TTTTTUTTOC 215 JudsieNIII . . T T - I
f [FIABSIT2(JJJ))LTLEPS) v 1O 215
; . Kkk=JJJ . _ . [
‘ GC TG 216




. CGNTINUE

17221=0.
KKK1=KKK + 1

futre st o < 80, VRSN T -

DO 217 JIJ=KKKL,NIII
Z2771=7222Z1+A85(R2{JJJ))
IF(Z2721/ABS{R2(KKK)).GEL1)IND=IND + 1

DU 218 JJJ=1,NIII
IFIABSIRI(JIIIILLTLEPS) GO TO 218
KKK=JJJ

GC TC 219
CONTINUE
2717111=0.

KKK1=KKK + 1
DG 220 JJJ=KKK1,NIII
2ZIZ1=2L221+ABS(R1{JJJ))

IF(Z2ZZ1/73BS{RL1(KKK)).GE-L)IND=IND + 1
DC 221 JJJ=1,NIII
IF(ASSITVSIJJJI)).LTLEPS) GO TQ 221

KKK=JJJ
GC TC 222
CONTINUE

27111=0.
KKK1=KKK + 1
D0 223 JJJ=KKK1,NIII

ZZZI1=22271+A8S{TVS{JJJ))
IFUZZ2ZZ1/7ABS{TVSIKKK))GELL}IND=IND + 1
DC 224 JJJ=1,nNI111

IF1ABS(R21J4J)).LTLEPSY GO TO 224
KKK=J.JJ
GC TC 225

CONTINUE
12111=0.
KKK1=KKK + 1

20 226 JIJ=KKKI,NTTT
Z27271=22221+ABS(P2(434))
IF(2Z22Z1/ABS(R2{KKK) ) GE.1)IND=IND + 1

DC 227 JIJ=1,NTII
IFLABS{TWZ(JJI)).LTLEPS) GO TG0 227
KKK=JJJ

GG 10 228
CONTINUE
11771=90.

KKKLI=KKK + 1
DN 229 JIJ=KKKLNITI
ZZ2Z1=277ZL1+ABS{TWZ(JJIJ)}

230
231

‘ 2732

IF(ZZZZ1I/ABS{TWZIKKK) oG LYIND=IND + 1

D0 230 JJJ=1,NII1I
IFLABSIR1(JIS)ILLTLEPS) GO TO 230

KKK=JJJ
GO TG 231

CONTINUE

U 22iZi=00"

KKK1=KKK + 1

N0 232 JJJ=KKKLGNTTT -
TTICLILFIITITFARS (RLUJIIII
IF(ZZZ21/ABSIRI(KKKY ) oGELL)IND=IND + 1
OC 233 JJ4J=1,NI111
TIFTA35TR1TIIIIL.LTLEPS) 60 TU 2337




KKK=JJJ
GC TO 234
233 CONTINUE

234 111I1=0.
KKK1=KKK + 1
00 235 JJJ=KKKL1,NIII

22271=222Z1+ABS(RL(JIIN)
IF(ZZ2Z1/ABS{RI(KKK))<GELL)IND=IND + 1
DG 236 JJJ=1,n111

23

(8]

IF{ABSIRI(JII)).LT.EPS) GO TO 236
KKK=JJJ
e _ . __GG _T0 237

230 CCNTINUE
231 12111=0.
KKKL1=KKK + 1

N0 233 JJJ=KKKI,NIII
238 12111=21LZ21+ABS(RL(JJJI})
1F(22221/A3S(R1(KKK)).GE.1)IND=IND + 1

) DC 239 JJJd=1,n111
IFCABSITVSIJJIII.LTLEPS) GO TO 239
KKK=JJJ

ol TC 240
1 239 CONTINUE
240 11211=0.

] KKKLI=KKK + 1
DO 241 JJJI=KKKL1,NIII
247 1ZZ221=21221+ABSITVS(JJJI))

IF(ZZZZ1/7ABSITVSIKKK))GELI)IND=IND + 1
, DG 242 JJJ=1,0111
- IF(ABSIR2(JJIJI) LTLEPS) GU TO 242

KKK=J4JJ
GC TC 243
242 CCNTINUE

243 LILI1=0,
KKK1=KKK + 1
DU 244 3JJ=KKK1,NIII

244 ZZZ71=71Z71+AaSIR2(JIJNI
[FCZZZZ1/ABS{R2(KKK))GELL)IND=IND + 1
NC 245 JJJ=1,NITI]

TFTABSTR2TJIINT LLTL.EPSY GO TO 245
KKK=J4JJ
GU TO 246

245 CCNTINUE
246 L1221=9,
KKK1=KKK + 1

| UC 247 JJJI=KRKT,NTIT
s 247 11lI1=11ZL1+ABS(R2(JJJ))
| TF(2Z2ZZ1/ABS(R2IKKK))«GE. L) IND=IND + 1

T TR0 248 JSJETenlIT T T T
IFCABSIR2(JJJI)VLTLEPS) GU TO 248
KKK=JJJ

.

, T T TTTTRE TG 2a9
: 243 CONTINUE
249 22221=9,

j L E LI
| DG 250 JIJI=KKKLWITI

_2%0 lrrz1=rrlll4ans(R2(499y)
CHTFL2ZZLY/7ABSTIA2IKKK)Y) o GELLYINDRIND + 1
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& 0C 251 JJJ=1,NIII
2 IFLABSUTWZUJJJ) ). LTLEPSY GO TO 251
- A KKK=JJJ
; GG TO 252
251 CCNTINUE
252 222171=0.
KKKL=KKK + 1
NG 253 JJJ=KKK1¢NIII
253 72721=12121+ABS(TWZ2(JJJ)) o
IF(22221/7A8S(THZIKKK))eGELL)IND=IND ¢ )
NITI=NIII + 1
ZZ223(1)=R1(NIII)
DU 254%JJJ=2,NITI
254 222B(JJIJ)=RLINITI=JJdel) + TH2228(JJJ~1)
YNEW( 1)=22ZB{(NIII)
Z723(1)=R2(NITI)
DC 255JJJ=24NI11
255 Z22ZB3(JJJ) =R2INIII=JJJ+1) + T=2278(JJJ=1)
YNEw(2)=222B8(NIII)
. L2IB(1Y=XML(NIID)
DC 256JJJ=2,NIII
256 ZZZ3(JJIV=XMLINIIT=dJdJ+1) + T#ZZZB(JJJ=1)
YNEW(3)=ZZZB{(NIII)
2Z223{1L)=XM2{(NIIT)
DG 257JJJ=2,NIII
257 2ZZ8{JJJ)=XM2INITI=dJJ+]l) + T=ZZ2ZB(JJJ=1)
YNEW(4)=222Z8(NIII)
ZZZB(1)=ELINIID)
DO 258J4JJ=2,NII11
258 22268(JJIJ)=EL{NIII=JJd+1) + T%222BlJJJ=1)
YNEW(5)=ZZZB(NIIT)
2218{1)=E2(NIII)
OC 259JJJ=2,NI11I
ZZZB(JIIY=E2(NTIT=JJUJ+1) + T=Z7Z3(JJJ=11
YNEW(6)=Z2Z8{(NIII}
Z223(1)=TMPL(NIII)
DC 260JJ0J=2,NTTI
260 2228(JJJ)=TMPLINIII=JJJ+l) + T=xZ2Z2B{JJJ=1)
YNEW(7)=2ZZR(NIII)
227311 =T¥pP2(NIIT)
D0 261J4JJ=2,NI11
261 2273(JJJ)=TMP2INTITI=JJJ+1) + T%722ZB(JJJ=1)
YNEW(B)Y=ZZZ3(NIIT) ) T
2Z2Z3(1)=TFAKE(NIII)
NG 202J4JJ=2,HI111
262 227310 JJIY=TFAKEINTITI=dJJ+*1
YNEW(9)=22283(NITI)
RETUKN
TEND T

N
Jl
Ne]

) ¢ T=2TIBLIII=1)
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APPENDIX B

Output of SERIES for constant spacial derivative formulation
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SLBRCUTINE CIFFUN(TyY,UY)
DIMENSION 0OY(20),V(20)
DATA R/LT16+/,0X/001/

Dy(1)=0.
DY(2)==Y(5)¢Y{12)=(Y(5)=Y(4)) /0UX
DY(3)=wY(6)eY(13)={Y(6)=Y{5))/DX

0Y(4)=0.
CY(5)==Y(S51*Y(5)/Y{2)*Y(12)={RxY{10)={Y(S)/Y(2))=ns2)xY{2)=Y(1)}/
$IX=2, ¥V (5)/Y(2)+{Y(5)=Y(4})/DX

DYLO)==Y(G6)2Y{O)/Y(3)=xY(13)=(ReY{(LLI=(Y(6)/Y(3))mx2)%(VY(3)=V(2))/
tOX=2,5Y(6)/YL3)*1YL6)=Y(5))/0X
CY{7)=0.

OY(8)==Y(3)*(Y(8) /Y(21+ReY{LOJI=Y(L2)+Y(5)*Y(B)/Y(2)%4x2x(¥(2])=¥Y(]
+))/DX=(Y{BI/Y(2)+R*Y(L0) I (Y (5)=Y{4))/DX=Y(5)/Y(2)={Y(8)=Y(T})/CX
DY(9)==Y(6)*(Y{S) /Y(II+R=*Y (L1 D)4Y(13)4Y(6)*Y(I)/Y(3)**2%(V(3)=Y{2

+1)/0X=(Y(S)/Y(3)+R=Y(LL))*(Y(6)=Y(5))/DX=Y(6)/Y(3)%(Y{9)=Y(8))/CX
Dy{(1G)=0.
Dy(1l1)=0.

cvi12)=0.
DY{13)=0.
RETURN

ENC




SUBRCUTINE SCL(ToYCoyYNEWe INC)
OIMENSICN YC(20)yYNEW(20)+2228120)4DRO(20)4R0O(20),DR1(20),R1(20),

+XNM1(200, XK1€20) 3 TST(20),TSL(20) ,XMO(20),TSV(20) 2TSW(20) ,TSX(20),0
$R2(20) yR2020) ¢XF2(200 ¢ XK2(20) 4TSY(20) ¢TSZ(20),TSO(20),TSL(20) 4752
«(20) yOXMO120) yCXML(20)4TS3(20),T54(20)4T55(20) 4 TS6L20),TMPLI20),T
$S7(20) ,TSE(20) 47590200 p1TSC20),TTT(20),TTU(20),TIV(20),TTW(20),1T

+X(20) o TTY{2C) o TTOL20)»TTLL2C) o TT2020),DXM2120)4TT3(20),TT4(20),17
£5(02C) 2 TTOH(L2G) o TMP2(20) +TTTL2004TTB{20),TT9(20),TUS(20),TUT(20),TU
+U(20) yTUV(20) ,TUNC20) , TUXC2C) yTUY(20),TUO(20},TULL20),TU2120),DED i

+(20),E0(2GC) 4DEL(20),ELL20),TU3(20),TUS(20),TU6(20),TUT(20),TUE
#020) 9o TUS(20),TVEL20) o TVTI20),yTYUVI20),TVYWI20) 4 TVXE20),TV2(20),TV3
¢(20),TV4(20),TVv6(20) ,TV7(2C),TVB(20),TV9(20),DE2020),E2(20),ThS

+120), TWUL20), TWV( 20) »Thw(20) ¢ TWX(20) 9 TWY(20) yTWZ(20),TWOL20)+Th2
+020) g TW3(20),Thal20) ¢TI (200, TXS(20),TXT(20),TXV(20) o TXW{ 200, TXX
+(20),TXY({20) ,0XK1{20),DXK2(20),DTMPL(20),0TMP2(20)

CATA R/17164/4CXx/40L1/
EPS=1.0E=¢
ROfL)=YCHL1)

RI(LI=YC(2)
R(1I=YC(3}
XrOll)Y=YQ(4)

XFLLL)=YOU(5)
Xv2{1)=Y0(6)
€0(1)=Y0(7)

E1(1l)=Y0{E)
E201)=Y0(%)
TvPLLL)=YC(10)

TMP2(1)=YC(Lll)
XK1LUL)Y=YG(12)
XK2{1)=¥YG{13)

INC=0
DC 1 11I=1,19
NiTI=(11

[111=11l = 1
[F (111.GT.1)CRA(CITL)=0.
ORC({1)=0,

RO(LLIL + 1)=OROULIIL}/FLCGATLIITL)
TST(IL1)=0,
0L 100 JJJ=1,111

100

TSTOLLID)=TSTOLIT} #XMLLJJJI*xKItIII=dJddel)
TSUCIIT b==TST(ILI)
TSViTIl)=XMICITE)=XMOMITIT)

TSWOLIL)=TSV(EL1) /DX
TSXCLID)=TSUCLET)=TSWLLIL)
DRL(IIN)I=TSXCLIILD

RLUITE ¢ L)=oRULIIL)/FLCATLLILD)
TSY(lll)=0.
DC 1Cl JJJ=1,111

101

TEYCLID =TSYCIL L)+ XM2(JJJ)oXK2(TTi=ddd+1)
TSZUILID)==TSYLIIL)
TSOLIIT)=xp2¢iTl)=xXMLCELL)

TSLOLIL)Y=TSOCILIL} /70X
TS201I0=132(111)=T51LiIL)
prR2(1Lt)=1S2¢i1 N}

s g

RU1lL + 1)=0F20111)/FLLATLILT)
[F (T11eGT1)OXNMOUTILITIN=0,
UXMo(i)=9.

XYOCILID + 1)=0XMOULLL)/FLCATLINI
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TS3(111)=C.
OC 102 JyJdd=1,111
3 102 TS3(II)=TS3ALIT) ¢XMI(JJJI=XPL(III=ddJdel)
B IF (I1I11.EC.1) GC TQ 103
; TS4(LI1)=TS3(I11)=TS4(LI®RL(ILI)
IFLI11.FGe2)GE TU 104
DC 105 JJJd=2,1111
105 T34(Il1)=TSa(ll1)=TS4lJJJ)*RI(I[II=mdddsl)
104 TS4a(III)=TS4(III)/RL(L)
GC TC 106
103 TS4(III)=TS3(LID)/RLCELTD
196 CCATULNUE
‘ Ts5(111)=0.
2 DG 107 JJdJd=1,111
197 TSSCIIIN=TSS5(iT1) ¢TS4 (JJJI*XKLIITI=dddel)
TS6(1l1)==TS5(111)
TST(LLI)=TMPL(LI{] })=R
IF_(Iil.EG.,1) GC TC 108
TSBOLII)=XVML{IIL)=TSBCLI*RLLLETIT)
IF{I11.EC.2)GC TO 109
OC 110 JJJd=2,1111
110  TSA(LII)I=TSE(ILI)=T1S8(JJII=RLI(IIL=ddd¢1l)
109 VSBATLEI=TS@(ILI)/RL(1)

o 1€ 111
108 TS8(III)I=XMI(ITI)/RI(ILI)
' 111 CCNTINUE
’ _ TSS(ILI)=C.
2 OC 112 Jdd=1,111
; 112 TSS(III)I=TSS(III)+TS8(JJII=TSBIIII=dJd*l)

. TTSIIE)=TST(IIT)=TS9ULLI)
TIT(IIT)=RL(ITI)=ROCIIT)
TTL(LID) =0,
3 DC 113 JJdd=1,1LI . . _
: 113 TIO(IED) =TTC{ TN +TTS(JIdI=TTT({11=dJd+1)
TIVOITL)=TTL(III) /CX
TTat LED)=TS6 (1T =TTIVIIIL)
TIX(IID) =xMI(LIT)*2,
IF (II1.EG.1) GC TC 114
TIV(EII) =TTXCITI)=TTY(1)*R1(L[1)
[F(I11.EQ.21GC 13 115
0C 116 JJJ=2, 1111
116 TIY(ILEI=TTY(LIL) =TTIY(JJJ)=RL(ITi=dJd+1)
115  TIY(LID =1IY(IT1) ZRL(1)
. GC TC 117
114 TINCIID)=TTX(I10)/RLCILL)
117  CCNTINUE
TT0(I11)=0.
LC 118 JJJ=1,111
118 T10(1ID)=TT0(I1I)+TTY(JJIISTSVITITI=ddd+1)
- TILCIEL)=TTO(II1) /Cx
P TI2 000 =VTw (Il ) =TTLLILI)
UXMLCLTT =1T2(111)
X#LUFED + 1)=CxMLOLILI)/FLCATUILL)
T130iIl)=C,
UC 11§ JJJd=1,111
119 YT3LLI) =113 (111N +XM20JJJ)*XM2U T LI=ddJ+1)
LF_(tI11.Eqe1l) GC TC 120
TialIOI=TT3 (1IN =TT4(LI*R2(II1)
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IF(ILL.EQL2)GC 10 121
DC 122 JJJ=2,1111
122 TT44111) =114 111 =TT4(JJJICR2( I [=Jdd+l)
121 TT40111)=1T4(I11)/R2(1)
GC TL 123
120 TT4(III)=YV3(1al) /R2CIIT)
123 CCNTINUE
TTSti1l)=0.
CC 124 JJdJd=1,11]_
124 TISCIII)=1T5( 1) ¢TT4lJJJI=XK2(I1I=JJd¢l)
TTE(III)==TT5(il])
TI70111)=TMP2LILI)*R
IF (III.EC.)) GC TC 125
TISCLLII)=xM2( L I)=TT8 (L) *R2(LII)
IF{111.EQe2)GC 10 126
DC 127 JJd=2,1111
127 TTECLIL)=TT8(ILII)=TT8{JJJI*R2(I1I=JJdI+1)
126 TYR(III)=TTI8CI11)/R2(1L)
GC TC 128
125 TTSCLII)=XxM20L11)/R2CIIT)
128 CONTINUE
TT9(1(I)=C.
OC 129 Jdd=1,I111
129 TISUIII) =TTS(ILI) «TT8(JJJY«TTRILIIE=JJJ+])
TUSCIII) =TT 2 (IIL)=TT9UIII)
TUTUILI)=R2(IIEI=RICIIL)
b 4 TUULIIIN=C.
DC 130 JJJd=1,111
130 TULCTII)=TUUCTIT) #TUSIJIII*TUT(III=JdJd+]))
TUVIITII)=TUULIII) /CX
TUR{IEI)=TT6ULII) «TUvilIl)
i TUXCITI)=XM2UTIT1)*2.
IF (I11.EC.L) GC TC 131
TUY(LIIV=TUX( LI ) =TUY(1)*R2(ITT)
IF(II1.ECL2)GC TQO 132
0C 133 JJJ=2,1111 o
133 TUY(III)=TUY(TI D) =TUY(JJII=R2(T [ 1=JdJd+l)
132 TUYCIID)=TUY(LIII}/R2(1)
SC TC 134
131 TUY(LII) =TUX{IIT) /R2UTILI)
134 CONTINUE
TUOLLIL)=0,
- DC 13% JJJ=1,111
' 135 TUGUILL)Y=TUO{ LTI +TUY(JJII)*TSO(I1 =yUd+l)
: TULCIII)=TUGLITII) /DX
TUZ(EED)=Tun{ LTI L)=TULLIII)
o IXM2OLEIIY=TL2001L])
XM20111 + 1)=0XM2(TLL)/FLCATLILT)
IF (I11.GT.1)IDEC(IIL)=C.
DEV(1)=0.
EOCLIL + 1)=0EO0(ITI)/FLCAT(IIN)
IF (111.€CQel) GC IC 138
TUM I =EL (I LI)=TUB(L)*RLCIIT)
IF(II11.EQ.2)60 10 137
., DC 138 JJJd=2,1111
, 133 TUSCLEI)I=TUSCEIT)=TU3(JIJI*RLILLL=dUdeL)
| 137 TLSCLEI =TL3 LI /ZRL(L)
sC TC 139

——Tv

R i T e d
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.

]




136 TUICIIE)=EL(ILLI)/RICILI)

1398 CCATINUE
TUSCIIIN=Tu3C4I[)¢TSTCLILL)
Tue(lIli=0,
DC 140 JJdd=1,111
. L4V Tuo(lLll)=TusCill)+xMLI(JJJIoTUSiLLIli=dldel)

TJILIT)=C,
&A DC 141 JJd=1, 111
]
i

et Einer g ——

14l TUTCILE)=TUZ(III) #TUGLIJJI*XKLLL TI=dddel)
TLB(LEL ) ==TLT (L)
Tus(illI)=C.
DC 142 JJJ=1,11]
‘ 142 TUSCIID) =TUS(IIT) +XML(JJII*ELCTITII=ddd¢1)
. TVS(iI1)=0.
DC_143 JJJ=1,111
143 TVSUIID)=TVvSUITI)#R1I(JIIIRULEITI=JJd¢1)
If ([11.EC.1) GC TC 144
TVTLIEI)=TUS(III) =TVT(1)*TVS(LII)
[F(LI1.EGs2JGL TQ 145
. DC 146 JJJ=2,1111
196 TVTUIII) =TVT(ITI D) =TT (JJJIsTVS([IL=JgJel)
145  TVT(LLOI=TVI(EL1) 7TVS(1)
GC TC 147
144  TVTOIII)=TUS(III) /TVSCILL)
147  CCNTINUE
TVW(II1)=0.
DC 148 JJJ=1,1il1 !
148 TWVAIII)=TvV(IT D +TVT(JJII=TTT(111=JJJ¢1) ;
TVw(ILI)=TVVIII1) /DX i
TVX(TTE)=TUBCIII) +TVAEIIL)
Tv2(Ii1)=0. %
DL 149 JJd=1,111
149 TY2(h L =Tv2U LTI +TUS(JJINSTSVIITI=ddd+l) r
TV3(L10=Tv2UI11) /DX
TVa (T =TVX(TI1) =TV3(I1]) j
TVel I =EL(III)=EQLILT) o
r TVI(L11)=0.
3
l
3

O i S AP ot £ i i R A Y T, AP T A el

BC 150 JJd=1,111
150 TvZUIEI)=TVvTLILL) +T58(JJJ)*TVallTli=JJJel)

TvBUSTEY=sTVTLLILIL) /DX
TvS(IID)=Tval(llld=TVB(III)
DELLIII)=TVS(III)
ELCILL + 13=DELCITL)/FLCATC(ILL)

. IF ([1l.EC.1) GT TC 151
TaSIIII)=E2(I1I)=TwWS(L1)*R2(1II)
[Flill.Ewe2)GC TO 152

CL 153 JJd=2,1111 i
» 153 ThSUIID)=TaS(UIII=~TwS(JJJI*R2(MTT=gJIeL) _ :
152 TaSEITE)=TwSCiLI)/R2(L)
- GC TC 154
S 150 TawSUIII)=€2(011)/R20111) L

154  CCNTINGE
| TaULIII)=TAS(ILI) #TT2CLLL)
' Tavilil)=C.

D€ 159 JdJ=1,011
b 155 TwviITII=TAVOITI)#XM2(JJI) e TALLITI=dddel)
| Taallll)=C.

UL 150 JJJd=1,1101




&

Wl IT 1) +TWV(JJIIAXK2(ITT=ddd*l)

150 Twwlll T
aThW(11])
0

1)
TwX{ILLl)
Twy(111)=0,
oC 157 Jud=1,111
157 TWY(CLID)=TwY(ITI1)#+XM2(JJJY=E2(111=SJut+l)
TwZ(lll)=0.
‘ DC 198 JJdd=1,111
' 158 TWZ(CITLI=TWZUITI)+R2IJIJI*R2{]1I=IJI*])
1IF (1lis.EC.1) GL TC 159
TaO( LIl )=TuY (Il =TWwOll)=Twi(]}]i}
IF(I1l.EC2)GC TC 160
DC 161 JJJ=2y 1111
, 161 TauOlLlII)=TnOlIl1)=TnO(JJdJII>»TWZ{I1I=JJJ+])
160 TRO(III)=TWO(III)/TWZ(L)}
GC 1€ 162 }
I
i

159 TwOllIL)=TWYLIID)/TWZ(ILLL)
162 CUNTINUE
] Tw2(ill)=0.
. CC 163 JJJ=1, 011 .
163 Tw2{IID)=TW2(III) ¢ TWOLJGJJI)=TUT(I[[=JJJd+1}
Tw3(II0)=Tw22¢(II])/CX
TuelI1D)=ThAXUII)+TR30111)
ThS(LLT)=0,
DC 1¢e4 JJJ=1,111
lo4 TRSULILY=TWO LTI} +TWUJJII=TSOLT11=ddJ+l)
TXSCITI)=TwSl 1I1) /70X
TXT(11I)=TwalllI)=TXS(ILI)
TXVILITL)=e2{ L 0)=ELUILL)
Txanlill)=C.
DC 165 JJd=1,111
165 TXal JED)=TXWl I1R)+TT80JII)*TIXVIIII=dJJ+l)
TAXLILL)=TXwtIIL)/CX
IXYLILE)=TIXTLRII)=TXX(111)
DE2CITI)=TXY(IIT)
E20I1T « L)=DE2(1I1)/FLCATHLIILI)
IF (111Gl 1)cTIMPRITILI)=0,
DTMPL(L)I=C.
TMPLOTIL ¢ L)=CTMPL(IIII/FLCATLLRIL)
[f (LI1.GTlIDTNMP2{TIIILY=0Q.
DIMF2(1)=C.
TEP2(IIL + Li=014P2(111)/FLCAT(LLL)
[F (IIlGTL1ICXKL(IIT)=0Q,
DAKL{1)=0.
XKLOLIL + L)=0DXKLOLLEL)/FLGATCIIL)
IF (111aGT 1)DXK2(II[)=0,
DxK2(1)=0.
XK2CILLD ¢ 1)y=CXK2(IIL)/78LCATLIILL)
IF (111.LT.4)GC TC 1
1111=011 + 1
12211=9,
22212=0.
2C Lo JJdd=Ly 111}
L2221=2221]1 +RO(JJJ)
IF{JJJelLTolII=4)GC TO 16606
L7L22=LLLLe v ARS(RO(JII))
160 CCATINUE
LLL21=EPSn(ALSIZZ/A2L) + 1)
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22221=0,
L1222=0.,
0C 161 JJJd=1,1111

222121=L21L1 +R1(JJJ)
IF(JJI LT L TI=4)GC TC 167
22242=204222 ¢ AS(RL1{JJJII

1357

CCNTINUE
2L2ZI1=EPS={ABS(Z227IL1) + l.)
IF(Z24222.,6T.,22421)GE TC 1

2l2L1=0.
22222=0.
Ut 168 Jdd=1.1111

L2221=2221I1 +R2{JJJ]
IFtJJddoLT.lII=4)GC TO 163
L2242=12112 + ABS(R2{J4JJ})

163

LCNTINUE
L2IZ1=EPS~{ABSIZZZIL) + l.)
IF(224222.G1,24£21)GC YC 1

LL221=0.
121122=0.
JC 165 JJdd=1,1111

22221=22111 +XMC(JJJ)
[F{uJJeLT.I[I=43GC TC 169
220212=202222 + ABS(XMO(JJJ))

109

CCNTINUE
22Z21=EPS*(ABS(ZZ2L21) + l.)
1F(224220266T1222210G0 TG 1

L11L01=0Q.
l11L2=0,
JC 170 JJJ=1.1111

[2L11=02721 +xM1(33J)
1F(JJJ.LT.i11=4)GC TC 170
L1212=20022 + AESIXML(JJJi)

170

CCNT INUE
LZZZY=EPS*(ABS(LZIZL) ¢ L,)
IF(L2222.GT.22221)GG TG 1

L2.71=0,.
LLllc=0.
CC 171 JJu=1,1111

LLLLL=T221L +XVM2(JSJ)
[F{SJJelTelll=4)GC TU 171
L4222=L1222 + ABS(XM2(JJ4J))

171

CCATINUE
2L221=CPS~(ABS{ZZZZL) + 1.1
IF(4L222.CTL22222)GU TC 1

LLLL1=0,
1710.2=0.
Be 172 JdJd=1,1111

2000 =212L)Y ¢EQ(JJY)
[FludJelTolll=g)6C TO 172
10402=22112 + ABS(EQ(JJJ))

CLUNYINUE
LLLZL=EPS* (ABS(ZZZZ1) ¢+ 1.)
[FL/42212.GT.22221)GL TC 1

LL211=0,
LLL72=0.
CC 173 JJdJd=1lealll

LL2L1=20241 +E1(JJJ}




*

173

[FldJdLT.111=64)GC TO 173
127112=11112 + ABS(EL(JJJ))
CCATINUE

LLLZ1=EPS*(ABSI22221) + 1.)
JF(LZ2226T422221)GC TC )
142710,

10002=0.
DC 174 JJi=0y1lll
LILi=l124) +€20JJJ1)

[F(JJdelTalll=4)GL TO 174
L22¢2=202422 + ABS(E2(JJJ))
CONTINLE

ZIZIZL=EPSC(ABSILZ L) + 1)
IF122272.GT.222Z1)GC 1L L
1z21=0,

12212=0.
0C 175 Jdd=1.1111
L2221=000201 +TMPLIJIIY

175

LF(udJdeLTalll=a)GL TU 175
L2212=217102 + AES{TMPL(UJdIY]}
CCATINLE

LLZIL=EPS*{ABSILZIIL) + 1.)
1F(22222.8T022221)6C TC ]
22221=0.

12.22=0.
DC 176 Jdd=1l,y1111
20241=22221 +1vP2(JJJ)

176

IF(JJLT I1I=4)GC T0 176
11172=11122 + ABS(TNP2(JJII))
CCNTINUE

II2Z1=EPSY(ABS(ZZZZL]) + 1.1
[F(LL2224GT.2222101G0 TC 1
21121=0.

LL4222=0.
DC L77 JJd=1l,1L1il

177

IF(JJJeL T III=a)GC TC 177
Z22712=L0122 + ABS(XK1(JJJ))
CCNTINUE

LZ2L1=EPSt(ABS(2LZ71) + 1.)
[F€024222.GT.22221)GC TG 1
1441.1=0.

L1112=0,
CC LT8 JJd=1,1111
L2221=22221 +xK2(JJJ)

174

[F{JJJel Tl lI=a)ol TG 178
22222=2021212 + ABS{XK2(JJJ))
CLMNTINLE

Z2LL1=cPS*(ABSLLLLLY + 1.)
IF(L2222.GT4222211G0C TC L
GL_T1C 2

CCNT INUE
CUNT INUE
OC L1 JJJ=1eNEXT _

[FUAUS(RL(JUJI)LTZEPS) GC TC 179

rKKK=JJJ

GC_T1C_180

174

CCANTLIRIUE




160

Ll2111=0,
KKKLE=KKK + 1
DC 181 JJUJ=KKK1,NI{I1

181

LLZLL=L2LIL+AES(RLI(JII))
{F(L2221/7ABS{RI(KKK))«GESLYINEG=IND + 1
DC 182 JJJ=1,MNI1LI

IFUABSIRL(JIINILTLEPS) GC TC 182
KKk=JJJ
GC 1C 183

132
143

CCNTYINUE
2171=0.
KKKI=KKK + 1

L3¢

DC 184 JJJ=KKK14NI1il
L2221=222711+A8S(R1(JJJ})
IFC 22221 /7ABS(RLI(KKK))CELLYINC=IND ¢ 1

DC 185 JJdJd=1.NI1LI
[F{ABSIRITJJIIINLLT.EPSY Gu TO 185
KKK=JJJ

145
136

GC TL l&Eé
CONTINUE
222121=0,

187

KKK1=KKK + |
DC 1387 JJJ=KKK1NIII
ZZ221=2Zi21+ABS(R1(JJJ))

IF(22221/72A8BS{RI{IKKKI)oGESLLIIND=IND ¢+ ]
DC 188 JJdd=1yNII1I
IF(ABS(R2(JJJ)) L T.EPS) GC TQ 183

123

KKK=JJJ
GC TC 189
CONTINUE

189

12121=0.
KKX1=KKK + 1
ODC 190 JJJ=KKK1,NI111

IZ2IV1=LZZ214AESIR2(JJIIND
IF(Z22Z1/78BS{R2(KKK))-CE-L)INC=IND + 1
OC 191 JJJ=1,nN111

IFCABSIR2{JJJ) ) LTLEPS) GC TC 191
KKK=JJJ
6C TC 192

151
192

CUNTINUE
L1.21=0.,
KKKL=KKK + 1

DC 153 JJJ=RKKLNIII
L2271=L21714ARS(R2(JII))
[F{22221/28S(R2(KKKIDCESLVINC=EAD ¢ 1

OC 194 JJd=l.NI11°
FFLABSIR2(JIIIILLTLEPS) Gu 10 194
KKK=JJJ

194
135

oC TC 195
CCNTINUE
12121=0.,

KKKI=KKK + 1
DC 196 JJJ=KKKLNITI
L1271=002 L1 4ARSIRZ(JJJ))

TFUZZL21/A8S(R2(IKKK) ) oGESLIINC=IND + 1
DC 157 JJJ=1,NII1IT
[F(AES(RLIJIIDIGLTLEPSY) GC TG 197

KKK=JJJ

T N RN e e




197
1;8

1549

23090

201

292

293
204

25

2006
207

293

209

212

6C TC 1v8

CONTINUE

12221=0.,

KKKL=KKK + 1}

DC 169 JJJd=xKKLNIII

L0201V =200 21+ABS(RL(JSI))
IF(ZZ2Z221/7A83S(IR1IIKKK))GESLLIINC=IND + L
200 JJJd=1,n111
ITFCABSITIVS{JII) Y LTLERPS) GC TC 200

GC TC 201

CCNTINUE

Li271=0.

KKK1l=KKK + ]

DEC 2C2 JJJ=kKKI,NITI

LL221=2222 #ABS{TVSIIIIN)
TFCZ22217ABS{TVSIKKK))GELL)INMO=IND + |
DL 203 JJJ=1,NI1I
IFLABSIR2(JUI))LLTLEPSY GU TG 203

GL T1C 2G4

CUNTEINUE

L11711=0.

KKKLI=KKK + 1

OC 205 JJJ=KKKLeNIII

12221 =22221+aes5(K2{JJJI}
TF(Z222)/ARSIR2IKKK))aGCELLIING=IND + 1
OC 206 JJdJd=LleNI1I
IFLABSITWI(JIIY)LTLEPS) GC TC 200

GC 1C 20Q7

CONTINUE

L272721=0Q,

KKKL=KKK + ]

DO 203 JJJ=KKK1l4NIILI
2£2721=272Z21+A8S(TWZ(SJJ)) e
VFULLL2L/PBSITWZIKKK)Y)GELL)IND=IND + 1
NTI=nDT] + 1
LZLBLLI=RC{NIIT)

DC 209JJ4Jd=2,NI11
LLLBIJII)=FO(NT[Ll=dJJtl}
YNEw(L)=2ZZE(NITL)
LLZB(LY=RLINITL)

VO 2100J4=2,,NI1T1
ZZ2Z8{JJJ)=RPI(NIII=JJJ+l)
YNewl(2)=L2460N111)
LZZE(LI=RZINILLT)

v T¥lZ28(JdJ=1])

¢ T102228LJ43=1)

L2480 ISI)an2iINTTT~ddd+l) («2llulddi=11
YNEW(3)=LZ20(NITT)

LLLB (1) =XMOINITT)
212dJd=2,N111
222033 4)=4NOINITT=0udel)
YhCwia)=222B(N1]T)
cleBil)=XNMLINIL]D)
VC 2L34dd=2 11T
L2480 =xMIINTLl=dJddel) +
YNEW(SY=LLZEINTTTY

+ T*LL18t(Jdd=1)

1%222080Jddd=l)




214

L2IBULY=XM2(NLTT)
DC 214J4JJ=2,NII11
22IB(JdJ)=XM2(NIIT=dddel) ¢ T$2228(JJJ=1)

YNEW(0)=ZZZE(NLID)
222011 =E0(NI]T)
JE 215JJJ=2,N111

215

22ZBLJJIV=ECINLIT=JIIt]) + T=Z2IB(JJU=1)
YNEW(T7)=Z/LZBIN]1YI)
Z2Z3(1)=E1(NMITI)

DL 2l6JJdJd=2eNI111
L72E0JJI)=ELINIILI=dJdd+l) + T*22ZB(JJJ=1)
YNEW(8)=2Z2Z0B(NIT])

2117

LZIBLLY=E2(NIII)
BC 217JJ44=2NI111
ZLZBUIJJSY=E2(NTfl~dJI+1) ¢ T2727ZB(JJJ=1)

YNEW(G)=ZLZEINTIL)
L228(L)=TNMPLINIIL)
oL 218JJJ=2 ,NIILI

213

22Z81JJI)=TFPLINITI=JdJdJd+lY + T=2278(J4JJ=1)
YNEW(L10)=2ZZBINIID)
L22B(L)=TNP2(NTT])

219

DC 219JJd=2,NIII
LZLBIIIJY=THP2INLII=JdJdJ+l) + T*x172IB(JJdJ=1)
YNEWCL1)=7222B(NIIT)

229

L2801 )=XKLINLIIL)
OC 220JJJ=2NI1TI
LZLECJII)=XKLIINITI=dJJ+l) ¢ T*Z222B(JJJ=1)

YNEa{12)=22Z8(NIIT)
LZIB(L)=XK2(NITI)
DC 2214JJ=24NI11

221

LZ280JdI)=XK2INITI=JdI+1) + T*LZ27B(IJJ=1}
YNEW(13)=2ZZB(NIIT)
PETUKN

END

R T = s
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